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We discuss complete theory of spin-1/2 electron-positron quantum plasmas, when electrons and
positrons move with velocities mach smaller than the speed of light. We derive a set of two fluid quan-
tum hydrodynamic equations consisting of the continuity, Euler, spin (magnetic moment) evolution
equations for each species. We explicitly include the Coulomb, spin-spin, Darwin and annihilation
interactions. The annihilation interaction is the main topic of the paper. We consider contribution
of the annihilation interaction in the quantum hydrodynamic equations and in spectrum of waves in
magnetized electron-positron plasmas. We consider propagation of waves parallel and perpendicular
to an external magnetic field. We also consider oblique propagation of longitudinal waves. We derive
set of quantum kinetic equations for electron-positron plasmas with the Darwin and annihilation
interactions. We apply the kinetic theory for the linear wave behavior in absence of external fields.
We calculate contribution of the Darwin and annihilation interactions in the Landau damping of
the Langmuir waves. We should mention that the annihilation interaction does not change number
of particles in the system. It does not related to annihilation itself, but it exists as a result of
interaction of an electron-positron pair via conversion of the pair into virtual photon. A pair of the
non-linear Schrodinger equations for electron-positron plasmas including the Darwin and annihila-
tion interactions. Existence of conserving helicity in electron-positron quantum plasmas of spinning
particles with the Darwin and annihilation interactions is demonstrated. We show that annihilation
interaction plays an important role in quantum electron-positron plasmas giving contribution of the
same magnitude as the spin-spin interaction.
PACS numbers: 52.27.Ep, 52.30.Ex, 52.25.Xz, 52.35.We
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I. INTRODUCTION
In classical plasmas the model of electron-positron
plasmas does not differ from model of electron-ion plas-
mas. Electrons, positrons, and ions are involved in the
electromagnetic interaction between charges. Some in-
teresting effects exist in classic electron-plasmas due to
the equality of masses and module of charges of both
species. Considering quantum plasmas we include spin
of particles [1]-[8]. Quantum nature of particles requires
us to include the Darwin interaction as well [9], [10]. This
interaction has weakly-relativistic (semi-relativistic) na-
ture [11], hence it is neglected in most of the papers on
quantum plasmas. Quantum model of electron-positron
requires to consider extra interaction, which does not ex-
ist between electrons or between ions. This is, so called,
the annihilation interaction [12]-[14], see also Ref. [11]
section 83. It is not annihilation of electron-positron
pairs itself. However it is the semi-relativistic trace of
electron-positron interaction, when an electron-positron
pair transforms in the virtual photon, which splits back
into the electron-positron pair.
Studying of the annihilation interaction in electron-
positron quantum plasmas is an essential part of under-
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standing of the quantum and relativistic properties of
plasmas [15]-[20].
The quantum hydrodynamic model for electron-
plasmas with the annihilation interaction is one of main
topics of the paper. We derive the model and we use it to
study spectrum of small amplitude collective excitations
in magnetized electron-positron plasmas.
We should mention that classical relativistic proper-
ties of electron-positron plasmas, as well as quantum
properties of electron-positron and electron-positron-ion
plasmas have been under consideration in last years.
For instance thermal-inertial effects on magnetic recon-
nection in relativistic pair plasmas [21], self-modulation
of nonlinear waves in a weakly magnetized relativistic
electron-positron plasma with temperature [22], and non-
linear Alfven waves in a strongly magnetized relativistic
electron-positron plasma [23] have been studied on the
path of research of classic relativistic electron-positron
plasmas. In these papers a hydrodynamic model of rela-
tivistic quantum plasmas with temperature [24] was ap-
plied.
Before speaking of quantum properties of electron-
positron plasmas, we should present a brief description
of the field of quantum plasmas of spinning particles.
Method of description of quantum plasmas was developed
in 1999-2001 in Refs. [1], [2], [25]. This method arises as
a representation of the many-particle Schrodinger equa-
tion with the charge-charge Coulomb and spin-spin in-
teractions in terms of collective variables. The collec-
2tive variables are the microscopic observable variables
suitable for description of many-particle systems. They
are the particle concentration n, the momentum density
j = nv, the pressure p, the magnetic moment (spin) den-
sity µ, the energy density ε, the spin-current (magne-
tization flux) Jαβ , etc. These variables are determined
via the many-particle wave function, or wave spinor for
spinning particles. Evolution of the wave function obeys
the many-particle Schrodinger equation. Hence, apply-
ing the Schrodinger equation we can derive equations of
evolution of collective variables. The particle number
evolution (the continuity equation), the momentum bal-
ance equation (the Euler equation), the energy balance
equation, the magnetic moment evolution equation were
derived for many-particle systems in 2000-2001. This
set equation is a generalization of the five moment ap-
proximation (n, v, and ε) for spinning particles appear-
ing as the eight-moment approximation (n, v, µ, and
ε). This set of equations in not closed set of equations.
It is a long chain of equations, which should be trun-
cated. Truncation is making of an approximation, but
this is also an ”explanation” to our method of prop-
erties of the system under consideration. Generaliza-
tion of the eight-moment approximation were developed
in Ref. [26], where the spin-current evolution equation
were derived to get richer information on the spin evo-
lution properties. Terms describing interparticle inter-
action in hydrodynamic equations contains two-particle
functions containing two-particle correlations. Main at-
tention of Refs. [1], [2], [3], [25], [26], [27] were focused on
the self-consistent field approximation, when two-particle
functions appears as products of two corresponding one-
particle functions. Nevertheless, quantum correlations
related to the exchange Coulomb and spin-spin interac-
tions were also considered in Refs. [2], [25].
Since then various wave phenomenon have been stud-
ied for spin-1/2 quantum plasmas [4], [5], [7], [8], [28]-[37].
Presence of spin induces the spin-spin interaction via the
magnetic field created by magnetic moments [2]. Spin
also causes the spin-current interaction, i.e. interaction
of the magnetic moments and electric currents via the
magnetic field. These interactions change dispersion of
plasma waves in compare with the spinless case. Spin
evolution leads to extra waves in plasmas. These new
spin-plasma waves were found in several papers, see Refs.
Vagin et al [29], Andreev and Kuz’menkov [4], Brodin et
al [30] for the spin-plasma waves propagating perpendic-
ular to an external magnetic field, see Refs. Misra et
al [31], Andreev and Kuz’menkov [32], [38] for the spin-
plasma waves propagating parallel to an external mag-
netic field, spin waves in quantum plasmas propagating
due to perturbations of magnetic field with no contribu-
tion of electric field in the wave propagation were consid-
ered in Refs. [4], [32], new branches of wave related to
spin-current evolution were found in Refs. [26] and [39].
Equality of masses of electrons and positrons changes dis-
persion dependencies of spin-plasma waves. It happens
with usual, spinless, plasma wave. It also affects plasmas
of spinning particles.
Let us also mention that the Karpman-Washimi mag-
netization and the Karpman-Washimi interaction for
plasmas of spinning particles were considered in Ref. [40].
An interesting application of quantum hydrodynamics
to vorticity of spinning particles was suggested in Refs.
[41] and [42].
Reviews of some topics studied for quantum plasmas
are presented in Refs. [43] and [44].
Electron-positron and electron-positron-ion spin-1/2
quantum plasmas and their wave properties have been
under consideration in recent years [45]-[54].
Hydrodynamic representation of the Schrodinger equa-
tion for a single particle in an external field was made by
Madelung in 1926 [55]. Equations obtained by Madelung
for a single particle look similar to hydrodynamic equa-
tions for many-particle systems of classic particles. This
similarity was used by Rand in 1964 [56] for quantum
hydrodynamic description of quantum plasmas. The
method of many-particle quantum hydrodynamics sug-
gested by Kuz’menkov et al 1999-2001 [2], [25] differs
from the single particle one by the fair treating of the
many-particle quantum dynamics. That opens a lot of
possibilities for consideration of different physical sys-
tems (see for instance [27] and [57]).
This paper is organized as follows. Quantum hydrody-
namic model for electron-positron quantum plasmas of
spinning particles is developed in Sec. II. In Sec. III
we consider dispersion of waves propagating parallel to
the external magnetic field. We describe contribution of
the annihilation interaction along with the spin-spin in-
teraction in longitudinal and transverse waves including
spin-plasma waves. We present contribution of the Dar-
win and exchange interactions in the longitudinal Lang-
muir wave. In Sec. IV we consider dispersion of waves
propagating perpendicular to the external magnetic field.
In Sec. V we pay special attention to the longitudinal
waves. We consider oblique propagation of the longitu-
dinal waves. In Sec. VI we present generalization of the
theory developed in section II. From the first principles
we develop set of kinetic equations for spinning electrons
and positrons with the annihilation interaction. We ap-
ply kinetic theory to calculation of the Landau damp-
ing for the quantum Langmuir waves. In Sec. VII we
present a pair of the non-linear Schrodinger equations
for electron-positron plasmas including the Darwin and
annihilation interactions. In Sec. VIII we derive equa-
tions for the vorticity evolution and show existence of
conserving helicity in electron-positron quantum plasmas
of spinning particles with the Darwin and annihilation in-
teractions. In Sec. IX brief summary of obtained results
is presented.
II. BACKGROUND OF THE MODEL
In this paper we use and develop the method of many-
particle quantum hydrodynamics. The method was sug-
3gested by Kuz’menkov and Maximov in 1999 [25]. It
was done for spinless charged particles. Generalization
of this method for spin-1/2 charged particles was pre-
sented by Kuz’menkov et al. in 2000-2001 [1], [2]. Main
idea of the method is the representation of the many-
particle Schrodinger equation in terms of collective ob-
servable variables suitable for description of quantum
plasmas or other physical systems. Hence the many-
particle Schrodinger equation
ıh¯∂tψ(R, t) = Hˆψ(R, t) (1)
is the starting point of our paper. In equation (1) we use
the following quantities: h¯ is the reduced Plank constant,
∂t is the time derivative, ψ(R, t) is the many-particle
wave function, R = (r1, r2, ..., rN ) is the set of coordi-
nates of N particles, with N is the full number of par-
ticles in the system, Hˆ is the Hamiltonian for a system
under consideration. We deal with the spinning particles,
consequently, ψ(R, t) is the spinor function.
To describe system of electrons and positrons
we present the Hamiltonian for the many-particle
Schrodinger equation (1). Explicit form of the Hamil-
tonian allows to derive a set of quantum hydrodynamic
(QHD) equations. Method of derivation is described in
Refs. [2], [8], [25], [27], [57]. Presenting the QHD equa-
tions below, we give some tips for their derivation as well.
Microscopic Hamiltonian for electron-positron plasmas of
particles moving with velocities mach smaller than the
speed of light appears as
Hˆ =
N∑
i=1
(
1
2mi
Dˆ
2
i + qiϕ
ext
i − γiσiBi(ext)
)
+
1
2
N∑
i,j 6=i
(eiejGij − γiγjGαβij σαi σβj )+
−1
2
N∑
i,j 6=i
πeiejh¯
2
m2c2
δ(ri − rj)
−
Ne−∑
i=1
Ne−+Ne+∑
j=Ne−+1
πeiej h¯
2
2m2c2
(3 + σiσj)δ(ri − rj) (2)
where N is the full number of particles, Ne−, Ne+ are
numbers of electrons and positrons correspondingly, and
N = Ne−+Ne+, i is a number of particle, mi is the mass
of particle with number i, below we consider system of
particles with equal masses, qi is the charge of particle,
γi is the gyromagnetic ratio, for electrons and positrons
it can be written as γi ≈ 1.00116µB, µB = qih¯/(2mic)
is the Bohr magneton, the difference of | γe | from the
Bohr magneton includes contribution of the anomalous
magnetic dipole moment, ϕexti is the scalar potential
of an external electromagnetic field acting on particle
e
e e
e t
g afterbefore
FIG. 1: The figure shows the Feynman diagrams for electron-
electron interaction. Long arrow shows direction of time evo-
lution.
ba
t
FIG. 2: The figure shows the Feynman diagrams for electron-
positron interaction. Long arrow shows direction of time evo-
lution. Small arrows pointing in direction of time present elec-
trons. Small arrows pointing in opposite direction describes
positrons.
with number i, Bi(ext) is the external magnetic field,
(Dˆiψ)(R, t) = ((−ıh¯∇i − qic Ai,ext)ψ)(R, t), with Ai,ext
is the vector potential of an external electromagnetic
field acting on particle, σi is the Pauli matrixes describ-
ing spin of particles, they satisfy the following commu-
tation relation [σαi , σ
β
j ] = 2ıδijε
αβγσγi , δij is the Kro-
neckers delta, εαβγ is the Levi-Civita symbol, Bi(ext) =
∇i × Ai(ext), Ei(ext) = −∇iϕext(ri, t) − 1c∂tAext(ri, t),
Gpn =
1
rij
is the Green function of the Coulomb in-
teraction containing module of the interparticle distance
rij = ri − rj , and
Gαβij = 4πδαβδ(rij) +∇αi ∇βi
1
rij
(3)
is the Green function of the spin-spin interaction.
Let us describe physical meaning of different terms in
the Hamiltonian (2). The first term describes the ki-
netic energy. The second term is the potential energy of
charges in the external electromagnetic field. The third
term is the potential energy of magnetic moments in the
4external magnetic field. These three terms are related to
motion of each particle in the external electromagnetic
field. Other terms describe interparticle interactions: the
Coulomb, spin-spin, Darwin (see [11] sections 33 and 83
and [58] formula (4.74b)), annihilation interactions, cor-
respondingly (for annihilation interaction see Refs. [12],
[13], [14], and textbook [11] section 83).
The annihilation interaction plays an essential role at
description of spectrum of positronium (bound atom-like
state of an electron and a positron) [59].
Electron-electron interaction is described by diagram
presented on Fig.(1). Fig. (2.b) shows a Feynman di-
agram describing the Coulomb, Darwin, spin-spin and
other interactions including in the Breit Hamiltonian [11]
(see section 83). Usual spin-spin interaction appears from
diagram on Fig. (2.b). The annihilation interaction gives
extra term depending on spins of interacting particles.
Hence it modifies spin-spin interaction. Full annihila-
tion interaction including shift of the spin-spin interac-
tion appears from diagram on Fig. (2.a). Both effects
have same magnitude ∼ µ2B. We point it out to notice
that the annihilation interaction needs to be included in
hydrodynamic equations.
We derive two fluid quantum hydrodynamics for
electron-positron plasmas. To this end we introduce the
concentration for electrons
ne(r, t) =
∫
ψ+(R, t)
Ne−∑
i=1
δ(r− ri)ψ(R, t)dR, (4)
and the concentration of positrons
np(r, t) =
∫
ψ+(R, t)
Ne−+Ne+∑
i=Ne−+1
δ(r− ri)ψ(R, t)dR. (5)
These two function are defined via the same many-
particle wave function ψ(R, t), which describes behavior
of all particles in the system and obeys the Schrodinger
equation (1).
A. Continuity and Euler equations
Differentiating concentration of particles of species a
and applying the Schrodinger equation with Hamiltonian
(1) we find the continuity equation
∂tna(r, t) +∇ja(r, t) = 0, (6)
where
ja(r, t) =
∫
dR
∑
i
δ(r− ri) 1
2mi
×
×
(
(Diψ)
+(R, t)ψ(R, t) + h.c.
)
(7)
is the particles current for species a.
Using the particle current we can introduce the velocity
field for each species of particles ja(r, t) = na(r, t)va(r, t).
We have the continuity equations for electrons
∂tne +∇(neve) = 0, (8)
and positrons
∂tnp +∇(npvp) = 0. (9)
The annihilation interaction does not include real anni-
hilation of electron-positron pairs. It involves virtual an-
nihilation, if we speak in terms of the Feynman diagrams.
Consequently the number of electrons and positrons do
not change and the continuity equations have the tradi-
tional form (8) and (9).
We also have a couple of the Euler equations, one of
them for electrons
mne(∂t + ve∇)ve +∇pe − h¯
2
4m
ne∇
(
△ne
ne
− (∇ne)
2
2n2e
)
+
h¯2
4mγ2e
∂β
(
ne(∂
βµγe )∇µγe
)
= qeneE
+
qe
c
ne[ve,B] + neµ
β
e∇Bβ
+
πq2e h¯
2
m2c2
ne∇ne + πqeqph¯
2
m2c2
ne∇np
+
3
2
πqeqph¯
2
m2c2
ne∇np + 2πneµβe∇(npµβp ), (10)
and the second one for positrons
mnp(∂t + vp∇)vp +∇pp − h¯
2
4m
np∇
(
△np
np
− (∇np)
2
2n2p
)
+
h¯2
4mγ2p
∂β
(
np(∂
βµγp)∇µγp
)
= qpnpE
+
qp
c
np[vp,B] + npµ
β
p∇Bβ
+
πq2ph¯
2
m2c2
np∇np + πqeqph¯
2
m2c2
np∇ne
+
3
2
πqeqph¯
2
m2c2
np∇ne + 2πnpµβp∇(neµβe ). (11)
In these equations we have used the following notations:
pa is the thermal pressure, or the Fermi pressure for de-
generate systems of particles, µa is proportional to the
5magnetization Ma(r, t) of species a: Ma(r, t) = naµa,
with the reduced magnetization. The first group of terms
in the left-hand side of equations (10) and (11) have kine-
matic nature and related to the local centre of mass mo-
tion, the second terms describe the contribution of pres-
sure, related to particles motion in the frame of the local
centre of mass, the third groups of terms are the spinless
part of the quantum Bohm potential, the last terms in
the left-hand sides of equations (10) and (11) are spin
dependent parts of the quantum Bohm potential.
The quantum Bohm potential Q is presented in the
single-particle approximation. It means that these terms
are simplified even in compare with the approximation
of independent particles. For N independent fermions
we find that different particles are in different quan-
tum states describing with single particle wave func-
tions. Hence the quantum Bohm potential appears as a
sum over all occupied states Q =
∑
s
[
− h¯24mρs∇
(
△ρs
ρs
−
(∇ρs)2
2ρ2s
)
+ h¯
2
4m∂
β
(
ρs(∂
βµγs )∇µγs
)]
, where ρs = ψ
∗
sψs and
µs = ψ
∗
sσaψs, ψs is the single particle wave functions de-
scribing quantum state s.
The first term in the right-hand side of equations (10)
and (11) are interaction of charges with the external and
internal electric fields. The internal electric field exists
due to the Coulomb interaction between particles, which
is explicitly included in the basic Hamiltonian (2). The
second terms are the magnetic parts of the Lorentz force.
The basic Hamiltonian (2) contains interaction of moving
charges with an external magnetic field only, but here we
assume that full magnetic field, i.e. the field created by
magnetic moments and currents in plasmas, is presented
in the Euler equations. Action of the magnetic field cre-
ated by the magnetic moments on the electric currents
and action of the magnetic field created by the electric
currents on the magnetic moments are the spin-current
interaction. Action of the magnetic field created by the
electric currents on the electric currents is the current-
current interaction. The spin-current and the current-
current interaction forming this term were considered in
the following Refs., see [3] for the spin-current interac-
tion, see [9], [61], [60] for the current-current interaction.
The third terms describes action of the external magnetic
field on magnetic moments and the spin-spin interaction.
The spin-spin interaction is the dipole-dipole interaction
of the magnetic moments via the magnetic field created
by the magnetic moments. Generally speaking, the spin-
current interaction gives contribution in this term. It
comes via the magnetic field created by the electric cur-
rents and acting on the magnetic moments. We do not
consider the spin-current interaction in this paper explic-
itly, for details see [3]. The fourth term in the right-hand
side of equation (10) (equation (11)) is the Darwin inter-
action between electrons (positrons) (see Ref. [11] section
83 formula 15). The fifth terms in equations (10) and (11)
are also the Darwin interaction between particles of dif-
ferent species. The last two terms in both equations are
FIG. 3: (Color online) The figure shows decreasing of the pres-
sure of degenerate electrons due to semi-relativistic effects.
the annihilation interaction (see Ref. [12] and Ref. [11]
formula (83.24)). We see that the fifth and sixth terms
are similar, but they have different nature, one of them
is the Darwin interaction, another one is the the annihi-
lation interaction. Hence we present them separately to
make stress on their different nature.
We need to get closed set of equations, so we should
use an equation of state for the pressure p. We con-
sider degenerate electrons. Hence, in non-relativistic
case, we have p = pFe =
(3pi2)2/3
5
h¯2
m n
5/3 [62] (see sec-
tion 57 formula 7). From this equation of state we find
∂p
∂n =
1
3mv
2
Fe, where vFe = (3π
2n0)
1/3h¯/m is the Fermi
velocity.
The spin-spin interaction, as well as the Darwin and
the annihilation interactions, have semi-relativistic na-
ture. Hence we should include semi-relativistic effects in
the equation of state
p = pFe
(
1− 1
14
v2Fe
c2
)
, (12)
where pFe and vFe are the non-relativistic Fermi pressure
and Fermi velocity presented above. This formula shows
decreasing of pressure at large concentration caused by
the semi-relativistic effects. This decreasing is presented
on Fig. (3).
Perturbation of pressure in the semi-relativistic ap-
proach appears as
δp =
∂p
∂n
δn =
1
3
mv2Fe
(
1− 1
10
v2Fe
c2
)
. (13)
The Fermi velocity vFe is determined by the equilib-
rium concentration n0. The semi-relativistic part of the
Fermi pressure is noticeable
v2Fe
10c2 ∼ 10−3 ÷ 0.1. It corre-
sponds to n0 ∼ 1027cm−3.
B. Magnetic moment (spin) evolution
Explicit form of the magnetization (density of the mag-
netic moments proportional to the spin density) defini-
tion
Ma(r, t) =
∫
dR
∑
i
δ(r− ri)γiψ+(R, t)σiψ(R, t), (14)
6and the Schrodinger equation (1) allows to derive mag-
netic moment (spin) evolution equations for each species.
For electrons we find
ne(∂t + ve∇)µe −
h¯
2mγe
∂β [neµe, ∂
β
µe]
=
2γe
h¯
ne[µe,B] + 2π
2γe
h¯
nenp[µe,µp], (15)
and for positrons we obtained
np(∂t + vp∇)µp −
h¯
2mγp
∂β[npµp, ∂
β
µp]
=
2γp
h¯
np[µp,B] + 2π
2γp
h¯
nenp[µp,µe]. (16)
These equations are a generalization of the Bloch equa-
tion. The first groups of terms in the left-hand side of
equations (15) and (16) are the substantial derivative of
the reduced magnetic moments. The second terms are
the quantum Bohm potential for the Bloch equation. In
the right-hand side of equations (15) and (16) are the
torque caused by the interaction with the external mag-
netic field and the interparticle interactions. The first
terms in the right-hand side describes interaction of mag-
netic moments with the external magnetic field, with in-
ternal magnetic fields caused by the magnetic moments
and the electric currents of the electrons and positrons.
Interaction of magnetic moments with the electric cur-
rents is an example of the spin-current interaction, which
is not included in this paper, but it can be included by
the many-particle quantum hydrodynamic method [3].
The quantum Bohm potential contribution in the mag-
netic moment balance equation is written in the single
particle approximation. This is the same approximation,
which is used for the quantum Bohm potential in the Eu-
ler equations. Explanation of this approach is presented
in the previous subsection.
Usually, dealing with several species of particles one
solves hydrodynamic equation for each species and put
the result in the Maxwell equations. However, if we con-
sider electron-positron plasmas with the annihilation in-
teraction we find that hydrodynamic variables of differ-
ent species are mixed. We see that the Euler equation
for electrons (positrons) contains the concentration np
(ne) and the reduced magnetization µp (µp) of positrons
(electrons). Similar situation we have with the magnetic
moment evolution equation, where ∂tµe (∂tµp) contains
np and µp (ne and µe). Hence we should solve altogether
the hydrodynamic equations for both species. As the re-
sult we find ne, np, ve, vp, µe, and µp as functions of
electric E and magnetic B fields. So, we can put our
results in the Maxwell equations.
One more method of QHD derivation has been sug-
gested recently [63]. This method also gives full chain of
hydrodynamic equations. Particularly, in Ref. [63] au-
thor discuss derivation the energy density, the positivity
of the entropy production is used in the derivation
C. Maxwell equations
Electromagnetic fields of interaction between particles
coupled with their sources by means the Maxwell equa-
tion
∇E = 4π
∑
a
qana, (17)
∇B = 0, (18)
∇×E = −1
c
∂tB, (19)
and
∇×B = 1
c
∂tE+
4π
c
∑
a
qanava+4π
∑
a
∇×(naµa). (20)
In our theory we apply the many-particle Schrodinger
equation, which is a non-relativistic equation. Hence we
do not obtain time derivatives in the Maxwell equations.
Our model is an analog of the Coulomb plasmas. We have
quasi-static Coulomb and spin-spin interactions leading
to quasi-static Maxwell equations [3]. Nevertheless we
have generalized obtained equations to the full set of
Maxwell equations.
Equations of quantum hydrodynamics derived in this
paper are obtained in the self-consistent field approxima-
tion. They do not include exchange interaction. QHD
including exchange interaction were developed in Refs.
[25], [64], [65]. Exchange part of the Coulomb interac-
tion was derived in Ref. [25] for bosons and fermions.
Force field of the exchange Coulomb and spin-spin in-
teractions between spin-1/2 fermions was derived in Ref.
[64]. More general approach for the Coulomb exchange
interaction of fermions in three- and two- dimensional
quantum plasmas was developed in Ref. [65]. It was ap-
plied to spectrum of collective excitations in Refs. [7],
[65].
The QHD model presented by formulae (8)-(20) is ob-
tained for point-like particles. Classic and quantum hy-
drodynamics for finite size ions and dust particles was
developed in Ref. [66]. We do not need to include finite
size of particles in theory of electron-positron plasmas,
since modern fundamental theory consider these parti-
cles as point-like objects.
III. DISPERSION OF WAVES PROPAGATING
PARALLEL TO THE EXTERNAL MAGNETIC
FIELD
We consider propagation of small perturbations around
an equilibrium. We assume that plasma is in a constant
uniform external magnetic field. Hence we have
na = n0a + δna, E = 0 + δE,
7B = B0ez + δB, va = 0 + va, µa = µ0a + δµa,
M0a = n0aµ0a = χaB0, n0e = n0p. (21)
Electrons and positrons are polarized by the external
magnetic field, so their reduced magnetizations µ0a equal
to each other
µ0e = µ0p. (22)
Thus they are directed in direction of the external field.
Electrons and positrons have different electric charge ±e.
Consequently signs of the gyromagnetic ratio are also
different. Hence equilibrium spins of electrons and ions
have different direction.
Dielectric tensor for spin-1/2 magnetized electron-
positron plasmas has diagonal form with εxx = εyy 6= 0
and εzz 6= 0. Other elements are equal to zero εxy =
εxz = εyx = εyz = εzx = εzy = 0.
A. Longitudinal waves
General form of dispersion equation for the longitu-
dinal waves in magnetized electron-positron plasmas at
presence of the annihilation interaction appears as
− 1− 2ω
2
Le
Γ2 − k2Ξ2 = 0, (23)
where
ω2Le =
4πe2n0
m
(24)
is the Langmuir frequency,
Γ2 ≡ −ω2 + 1
3
v2Fe
(
1− 1
10
v2Fe
c2
)
k2z
− πe
2h¯2
m3c2
n0k
2
z +
h¯2k4z
4m2
, (25)
and
Ξ2 = n0
(
5
2
πe2h¯2
m3c2
− 2π
m
µ0eµ0p
)
. (26)
Since µ0,max =
eh¯
2mc and µ0 <
√
5 eh¯2mc for electrons and
positrons, when Ξ2 > 0.
In absence of the annihilation interaction we have
Ξ2 = n0
pie2h¯2
m3c2 existing due to the electron-positron Dar-
win interaction, when we obtain the well-known Lang-
muir wave
ω2 = 2ω2Le − 2
πe2h¯2
m3c2
n0k
2
z
+
1
3
v2Fe
(
1− 1
10
v2Fe
c2
)
k2z +
h¯2k4z
4m2
, (27)
FIG. 4: (Color online) The figure shows comparison of the
non-relativistic part of Fermi pressure with the simultaneous
contribution of the Darwin and annihilation interaction ap-
pearing in the Langmuir wave spectrum.
containing contribution of the Coulomb interaction, the
Darwin interaction, the Fermi pressure, and the quan-
tum Bohm potential, correspondingly. For electron-ion
plasmas one does not find coefficient 2 before the sec-
ond term. The contribution of the Darwin interaction
is doubling in electron-positron plasmas in compare with
the electron-ion plasmas. It happens due to equality of
masses of electrons and positrons.
Existence of the annihilation interaction leads to an
extra term modifying the Langmuir wave spectrum. We
present dispersion of the longitudinal waves as
ω2 = 2ω2Le − 2
πe2h¯2
m3c2
n0k
2
z +
1
3
v2Fe
(
1− 1
10
v2Fe
c2
)
k2z
+
h¯2k4z
4m2
− n0
(
3
2
πe2h¯2
m3c2
− 2π
m
µ20
)
k2z , (28)
where the last term describes the contribution of the an-
nihilation interaction. In formula (28) we separate two
parts of Ξ2 appearing from different interactions.
Let us rewrite formula in different form getting to-
gether similar terms coming from the Darwin interaction
and the spinless part of annihilation interaction
ω2 = 2ω2Le
(
1− 7
16
h¯2
m2c2
k2z
)
+
1
3
v2Fe
(
1− 1
10
v2Fe
c2
)
k2z +
h¯2k4z
4m2
+
2πn0
m
µ20k
2
z . (29)
Simultaneous action of the Darwin and annihilation
interactions gives A ≡ n0m (2πµ20 − 72π e
2h¯2
m2c2 )k
2
z . Assum-
ing µ0 = µ0,max =
eh¯
2mc we have minimal contribution of
these interactions in the spectrum. Maximal contribution
of these interactions in the spectrum of Langmuir waves
we find at µ0 ≈ 0. It can happen at small or zero exter-
nal magnetic fields. Comparing quantity A with the non-
relativistic part of Fermi pressure at µ0 = µ0,max we can
represent their difference as 3n
2/3
0
h¯2
m2 [(
pi
3 )
4/3 − π e2n
1/3
0
mc2 ],
where the last term in the brackets, presenting A, is the
8FIG. 5: (Color online) The figure shows ratio of the semi-
relativistic part of Fermi pressure to the simultaneous con-
tribution of the Darwin and annihilation interaction con-
tributions R = ∆ωRF /∆ωAD appearing in the Langmuir
wave spectrum, where ∆ωRF = −
1
30
v
4
Fe
c2
k2z, ∆ωAD =
−
7
2
pie
2
h¯
2
m3c2
n0k
2
z .
ratio of the average Coulomb interaction to the rest en-
ergy of electron. The Darwin and annihilation interac-
tion give contribution in the Langmuir wave spectrum at
large densities. At n0 = 10
27cm−3 A gives 0.05 percent
of the Fermi pressure. Increasing equilibrium concentra-
tion up to n0 = 10
30cm−3 we find that A is 0.5 percent of
the Fermi pressure. This comparison is summarized on
Fig. (12). Comparing figures (3) and (12) we see that the
Darwin and annihilation interactions give larger contri-
bution than the semi-relativistic part of the pressure at
particle concentrations lower than 1026 cm−3. At parti-
cle concentrations larger 1026 cm−3 the semi-relativistic
part of the pressure dominates over the simultaneous ac-
tion of the Darwin and annihilation interactions (see Fig.
(5)).
1. Darwin interaction contribution
In nature the spin-spin, Darwin, and annihilation in-
teractions are the semi-relativistic (weakly-relativistic)
effects (see [11] for instance). However there are more
semi-relativistic effects. They are the spin-current [3]
and the current-current [9], [60], [61] interactions, men-
tioned above, the relativistic correction to kinetic energy
(RCKE) [9], [60], [61], and the spin-orbit interaction as
well [38], [32]. All these interactions are parts of the Breit
Hamiltonian (see [11] section 83). Strictly speaking all
these effects should be considered simultaneously. Con-
tributions of these interactions in hydrodynamic or ki-
netic equations for quantum plasmas reveal different be-
havior. Hence, sometimes, these interactions may be con-
sidered separately, as we do it now, considering the spin-
spin, Darwin, and annihilation interactions only. But it
is important to remember behavior of other interactions.
We should mention that usually in literature authors con-
sider the spin-spin interaction model. In this paper we
show that, for plasmas with positrons, it is necessary to
expand such model towards account of the annihilation
interaction.
A change of the Darwin interaction contribution due
to simultaneous account of the Coulomb interaction and
the semi-relativistic amendment to the kinetic energy was
found in Ref. [9]. We do not consider the semi-relativistic
part of kinetic energy in this paper. We present solutions,
which directly follows from microscopic theory we have
presented. Nevertheless we should keep in mind the re-
sult of Ref. [9].
In Ref. [9], the change of the electron-electron Darwin
interaction is shown. In electron-positron plasmas, in the
same way, we find the change of the electron-positron and
positron-positron Darwin interactions as well.
The Hamiltonian of the RCKE, giving result (32), ap-
pears as
Hˆr = −
∑
i
D̂
4
i
8m3i c
2
. (30)
It is the second order contribution at expansion of the
relativistic kinetic energy Ekin =
√
p2c2 +m2c4 − mc2
in the series at the weakly-relativistic limit.
Simultaneous consideration of the RCKE and interac-
tion of charges with the external electric field the inter-
particle Coulomb field gives the following force field in
the Euler equation
Fr =
qh¯2
4m2c2
∂β(n∇Eβ). (31)
Hence the contribution of the electric field in the Euler
equation appears as the combination of non-relativistic
and semi-relativistic parts FC,r = qanaE+ Fr.
It was found in Refs. [9] and [61] that for electron-
ion plasmas the shift of the frequency square due to the
RCKE is
∆ωC,r = −ω2Le
h¯2k2
4m2c2
= −πe
2h¯2
m3c2
n0k
2. (32)
For electron-positron plasmas we find
∆ωC,r = −2ω2Le
h¯2k2
4m2c2
= −2πe
2h¯2
m3c2
n0k
2 (33)
instead of (32).
Spectrum of the Langmuir waves propagating parallel
to the external magnetic field with account of the RCKE
is obtained as
ω2 = 2ω2Le
(
1−
(
3
16
+
1
2
)
h¯2
m2c2
k2z
)
+
1
3
v2Fek
2
z
+
h¯2k4z
4m2
+
2πn0
m
µ20k
2
z + ThRE, (34)
9where ThRE means contribution of thermal-relativistic
effects. The sum ( 316 +
1
2 ) depicts sum of contribution of
the annihilation interaction (3/16) and combination of
the Darwin interaction with the semi-relativistic correc-
tion of the Coulomb interaction.
B. Transverse waves
In absence of the annihilation interaction, for the trans-
verse waves, we find the dispersion equation
k2zc
2 − ω2 + 2ω2Le
ω2
ω2 − Ω2 +
2γ
h¯
8π(kzc)
2n0µ0Ωγ
ω2 − Ω2γ
= 0,
(35)
with Ω = eB0mc is the cyclotron frequency for a charge
in magnetic field, Ωγ =
2γ
h¯ B0 +
h¯
2mγµ0k
2
z is the shifted
cyclotron frequency for a magnetic moment in external
magnetic field, it is shifted due to the quantum Bohm
potential contribution in the magnetic moment evolution
equation.
Equation is an analog of dispersion equation for spin-
1/2 electron-ion plasmas [31], [32], [38]. In such case cir-
cular polarized waves propagate in electron-ion plasmas.
But electron-positron plasmas we have linearly polarized
wave as it is in spinless classic magnetized plasmas.
In presence of the annihilation interaction the disper-
sion equation for the transverse waves appears as
k2zc
2 − ω2 + 2ω2Le
ω2
ω2 − Ω2
+
2γ
h¯
8π(kzc)
2n0µ0
(
Θ+ 2γh¯ 2πn0µ0
)
ω2 −Θ2 +
(
2γ
h¯ 2πn0µ0
)2 = 0, (36)
where
Θ =
2γ
h¯
B0 +
h¯
2mγ
µ0k
2
z +
2γ
h¯
2πn0µ0. (37)
Θ contains and extra term in compare with Ωγ . Thus
Θ is is twice shifted cyclotron frequency of the magnetic
moment in the external magnetic field 2γh¯ B0. New shift
is presented by the last term in formula (37). This term
is caused by the annihilation interaction.
Papers [31], [32], [38] did not included contribution of
the quantum Bohm potential in the spin current in the
magnetic moment evolution equation. In this paper the
quantum Bohm potential is included. In dispersion equa-
tion for transverse waves, the quantum Bohm potential
is presented by the second term in the right-hand side of
formula (36).
In absence of magnetic field we have
ω2 = 2ω2Le + k
2
zc
2. (38)
Presence of the magnetic field with no spin account gives
ω201,02 = ω
2
Le +
1
2
k2zc
2 +
1
2
Ω2
±
√(
ω2Le +
1
2
k2zc
2 +
1
2
Ω2
)2
− k2zc2Ω2. (39)
Solution with plus before the square root in formula
(39) gives a solution with ω2 lower than 2ω2Le+k
2c2+Ω2
due to the last term under the square root −k2zc2Ω2.
In the case of minus before the square root in formula
(39) we can rewrite this formula as
ω2 =
k2zc
2Ω2
Υz +
√
Υ2z − k2zc2Ω2
, (40)
where Υz = ω
2
Le +
1
2k
2
zc
2 + 12Ω
2.
Next, account of the magnetic moment along with
the annihilation interaction gives shift of solutions (39),
where we assumed that contribution of spin is small far
from resonance frequency of the last term in formula (36),
when it denominator close to zero.
Shifts of frequencies (39) due to spin of particles ap-
pears as
δωi =
2γ
h¯
8π(kzc)
2n0µ0
(
Θ+ 2γh¯ 2πn0µ0
)
ω20i −Θ2 +
(
2γ
h¯ 2πn0µ0
)2 ×
× ω
2
0i − Ω2
2ω0i(2ω20i − 2ω2Le − k2zc2 − Ω2)
(41)
Hence full solutions look like ω1,2 = ω01,02 + δω1,2.
1. Spin-plasma waves
Frequency of the spin-plasma waves is close to the res-
onance frequency of the last term in formula (36). The
resonance frequency has form of ω2Res = Θ
2 − Λ2, with
Λ = 2γh¯ 2πn0µ0. We are looking for solution with frequen-
cies close to the resonance frequency ω = ωRes + δωs.
In this case we have two regimes. They are regimes of
small and ”large” difference of two parameters. One
of the two parameters δωs is difference of the spin-
plasma wave frequencies from the resonance frequency
ωRes. The second parameter is the defect of frequency
∆2 = Θ2 − Λ2 − Ω2 showing difference of the resonant
frequency ωRes =
√
Θ2 − Λ2 of the last term in equa-
tion (36) from the electron the charge cyclotron frequency
Ω = eB0/(mc).
Explicit form of the resonance frequency ωRes at small
magnetization n0µ0 in compare with the external field
B0 appears as
ωRes =
2γ
h¯
B0 +
h¯
2mγ
µ0k
2
z +
2γ
h¯
2πn0µ0, (42)
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FIG. 6: (Color online) The figure shows dependence of the
resonance frequency on the wave vector at different external
magnetic fields. The figure is made for regime of large mag-
netization. We see large difference between the resonance fre-
quency and the cyclotron frequency. This difference appear
due to the annihilation interaction affecting the spin-plasma
wave in magnetized electron-positron plasmas.
FIG. 7: (Color online) The figure shows dependence of the
resonance frequency on the wave vector at different exter-
nal magnetic fields in regime of rather small magnetization
in compare with Fig. (6). Nevertheless the magnetization
contribution is large enough to distinguish the resonance fre-
quency and the cyclotron frequency.
where different terms have the following physical mean-
ing. The first term is the cyclotron frequency describing
frequency of rotation of the magnetic moment in external
magnetic field. The second term is the contribution of the
quantum Bohm potential existing in the magnetic mo-
ment evolution equation. The last term presents the spin
dependent part of the annihilation interaction, which ap-
pears in the magnetic moment evolution equations.
Assuming full polarization of spins we have µ0 = γ.
Using 2γh¯ B0 = gΩc with g = 1.00116 we can represent
formula (42) as
ωRes = gΩc +
h¯
2mγ
µ0k
2
z +
4πn0g
2γ2
h¯
. (43)
If the equilibrium magnetizationM0 = n0µ0 is compa-
rable with the external magnetic field, or it is much more
than the external magnetic field we have
ωRes = gΩc
(
1 +
h¯k2z
2mgΩc
)√
1 + 4π
M0
B0
. (44)
This formula corresponds to the long-wavelength limit,
so we assumed that the quantum Bohm potential gives
small contribution. When the contribution of magneti-
zation dominates we can rewrite formula (44) as ωRes =
2
√
π e
√
M0B0
mc .
At small magnetization in compare with the external
magnetic field the annihilation interaction gives small
shift of the resonance frequency from the cyclotron fre-
quency of electrons. However it gives considerable con-
tribution at large magnetization. The quantum Bohm
potential reveals in short-wavelength limit, when k is
comparable with 3
√
n0. MagnetizationM0 depend on the
degree of spin polarization and particles concentration
M0 = µ0n0. We consider large enough particle concen-
tration and magnetic field to rich full spin polarization
exceeding the external magnetic field.
At the first step we can take n0 = 10
22 cm−3 and
B0 = 10
4 G. Considering the long-wavelength limit we
neglect the quantum Bohm potential. We find ωResΩc =
0.063g ≈ 0.063. In this case the annihilation interaction
exceeds the anomalous magnetic moment of ten times.
The short-wavelength limit for different magnetic fields
is presented on Figs. (6) and (7).
Next let us make step towards larger concentrations
and magnetic fields. Large concentrations open possibili-
ties to reach large wave vectors and large magnetization.
Simultaneous increasing of the concentration and mag-
netic field gives a behavior depicted on Fig. (8), which is
similar to considered above and presented on Fig. (7).
Increasing of the wave vector or magnetization with-
out change of the magnetic field increasing the resonance
frequency with simultaneous increasing of difference be-
tween the resonance frequency and cyclotron frequency.
Change of the resonance frequency with increasing of
the external magnetic field at fixed wave vector and par-
ticle concentration is shown on Fig. (9).
Increasing the resonance frequency with increasing of
the particle concentration due to the annihilation inter-
action is presented on Fig. (10).
In the limit of large frequency shift δω in compare with
∆, when ∆2 ≪ δω√Θ2 − Λ2, we find
δωs = − Θ+ Λ√
Θ2 − Λ2×
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FIG. 8: (Color online) The figure shows dependence of the
resonance frequency on the wave vector at different external
magnetic fields in regime of large particle concentration and
large magnetic field. Large concentration allows to reach large
magnetization and rather small wavelengths. Increasing of
the external magnetic field increases the cyclotron frequency
and the resonance frequency. The figure presents relative shift
caused by the quantum Bohm potential and the annihilation
interaction.
FIG. 9: (Color online) The figure shows behavior of the res-
onance frequency at fixed wave vector and different external
magnetic fields. Horizontal line presents the unshifted cy-
clotron frequency to compare with the resonance frequency.
Color filling between lines shows increasing of the resonance
frequency due to the quantum Bohm potential and annihila-
tion interaction.
× ω
2
Le(Θ− Λ) + 4π 2γh¯ (kzc)2n0µ0
k2c2 −Θ2 + Λ2 . (45)
Let us represent formula (45) in more explicit form
in approximation of small magnetization and long wave-
length
ωs =
2γ
h¯
B0
(
1 +
2γ
h¯
4πn0µ0
B0
)
ω2Le
k2c2 − (2γh¯ B0)2
. (46)
In opposite limit, for small frequency shift δω, at ∆2 ≫
FIG. 10: (Color online) The figure shows dispersion depen-
dence for the resonance frequency determining dispersion de-
pendence of the spin-plasma wave in magnetized electron-
positron plasmas. Dependence of the resonance frequency
on the wave vector exists in electron-ion plasmas as well. On
this picture we presents ωRes(k) at fixed magnetic field. We
consider the dispersion dependence in fixed interval of wave
vectors at different particle concentration and, consequently,
at different magnetization. This dependence does not exist
in the electron-ion plasmas since it caused by the annihila-
tion interaction. Increasing of the magnetization increases
the resonance frequency. Consequently it increases difference
between the the resonance frequency and the cyclotron fre-
quency. Horizontal line at ωRes/Ωc presents the cyclotron
frequency (yellow line). Upper curves show the resonance
frequency. The resonance frequencies increases with increas-
ing of the concentration. We chouse the following values of
the equilibrium concentration: n0 = 10
27 cm−3 (red curve),
n0 = 2 · 10
27 cm−3 (green curve), n0 = 10 · 10
27 cm−3 (black
curve).
δω
√
Θ2 − Λ2, we obtain
δωs = −2γ
h¯
Θ+ Λ√
Θ2 − Λ2
× 4π(kzc)
2n0µ0(
k2zc
2 −Θ2 + Λ2 + 2ω2Le (Θ
2−Λ2)
∆2
) . (47)
Similar solution for electron-ion plasmas were found in
Ref. [31], [38] (see formulas 2 and 3, for electrons and
ions correspondingly), [32] (see formulas 10 and 11).
IV. DISPERSION OF WAVES PROPAGATING
PERPENDICULAR TO THE EXTERNAL
MAGNETIC FIELD
From equation for δEx we find dispersion of longitudi-
nal waves
ω2 = 2ω2Le +Ω
2 +
1
3
v2Fe
(
1− 1
10
v2Fe
c2
)
k2x
12
− 7
2
πe2h¯2
m3c2
n0k
2
x +
2πn0
m
µ20k
2
x +
h¯2k4x
4m2
. (48)
This formula has simple structure. The first term is the
Langmuir frequency caused by the Coulomb interaction.
The second term is related to motion of a charge in an ex-
ternal magnetic field. The third term is the contribution
of the Darwin interaction. Let us point out the remark
we have made in previous section about the Darwin in-
teraction contribution. The fourth and sixth terms are
the contribution of the Fermi pressure and the quantum
Bohm potential correspondingly. The last term is caused
by the annihilation interaction.
Transverse waves describing by equation of δEy evo-
lution, in absence of magnetic moment of particles, have
the following dispersion equation
(ω2 − k2xc2 − 2ω2Le)×
(
ω2 − Ω2 − 1
3
v2Fe
(
1− 1
10
v2Fe
c2
)
k2x
+
πe2h¯2
m3c2
n0k
2
x −
h¯2k4x
4m2
− Ξ2k2x
)
− 2ω2LeΩ2 = 0. (49)
Simultaneous account of the Darwin and annihilation in-
teraction shifts the Fermi velocity. As we can see from
terms in the big brackets in equation (49). Ξ2 is pre-
sented by formula (26).
Presence of magnetic moment of particles in equation
for δEy changes the last term in dispersion equation (49)
(ω2 − k2xc2 − 2ω2Le)×
×
(
ω2 − Ω2 + πe
2h¯2
m3c2
n0k
2
x −
1
3
v2Fe
(
1− 1
10
v2Fe
c2
)
k2x
− h¯
2k4x
4m2
− Ξ2k2x
)
− 2ω2LeΩ2
(
1 +
µ0k
2
xc
eΩ
)
= 0. (50)
Equation for Ez describes transverse waves with the
following dispersion equation
ω2 − k2xc2 − 2ω2Le
− 8πn0µ0 2γ
h¯
k2xc
2(Θ + Λ)
ω2 −Θ2 + Λ2 = 0. (51)
Far from resonance frequency of the last term the spin
gives small contribution in dispersion of the electromag-
netic waves. Hence we can calculate contribution of
spin in the electromagnetic wave dispersion by iteration
method. Thus we obtain
ω2EM = 2ω
2
Le + k
2
xc
2
+ 8πn0µ0
2γ
h¯
k2xc
2(Θ + Λ)
2ω2Le + k
2
xc
2 −Θ2 + Λ2 . (52)
Analogous solution for electron-ion plasmas was found in
Ref. [4] (see formula 8). The last term in formula (52) is
the contribution of spin (equilibrium magnetization).
We can consider approximate expression for formula
(52) at small magnetization
ω2EM = 2ω
2
Le + k
2
xc
2
+ 8πn0µ0B0
(
2γ
h¯
)2
k2xc
2
2ω2Le + k
2
xc
2 − (2γh¯ )2
. (53)
In the limit of large annihilation interaction contribu-
tion, corresponding to the large magnetization we find
the following spectrum of the electromagnetic wave, we
also assume long wavelength limit,
ω2EM = 2ω
2
Le + k
2
xc
2
+ 2
(
2γ
h¯
)2
(4π)2(n0µ0)
2k2xc
2
2ω2Le + k
2
xc
2 − 4π 2γh¯ n0µ0Ωγ
. (54)
A. Spin-plasma waves
When contribution of the magnetization in equation
(51) is small we can find ω(k) of a spin-plasma wave.
This solution exists at frequencies close to the reso-
nance frequency of the last term in formula (51) ω ≈√
Θ2 − Λ2. We consider solution in the following form
ω =
√
Θ2 − Λ2 + δω assuming that δω ≪ √Θ2 − Λ2.
Consequently we find
ω =
√
Θ2 − Λ2
− 2γ
h¯
Θ+ Λ√
Θ2 − Λ2
4πn0µ0k
2
xc
2
2ω2Le + k
2
xc
2 + Λ2 −Θ2 . (55)
Similar solution for electron-ion plasmas was found in
2007 in Ref. [4] (see formula (9)), see also Refs. [7] (the
formula before formula (16)) and [32].
It was found that in electron-ion plasmas there are two
spin-plasma waves located near the electron cyclotron
frequency and ion cyclotron frequency [4]. Since mod-
ule of the cyclotron frequencies of electrons and positrons
equal to each other we have found one spin-plasma wave
for electron-positron plasmas.
Solutions obtained in Refs. [4], [7], [32] do not con-
tain contributions the anomalous magnetic dipole mo-
ment, the quantum part of the spin current (quantum
Bohm potential in the spin evolution equation). Previ-
ous papers [4], [7], [32] do not contain contribution of the
Darwin and annihilation interactions as well.
The annihilation interaction changes the dispersion de-
pendencies of waves propagating perpendicular to the ex-
ternal magnetic field for spin-1/2 quantum plasmas. The
resonance frequency for spin-plasma waves propagating
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FIG. 11: (Color online) The figure shows oblique propagation
of a longitudinal wave in magnetized plasmas.
perpendicular to the external magnetic field is the same
as for the spin-plasma waves propagating parallel to the
external magnetic field. Formulas (42)-(44) and Figs.
(6)-(9) are correct for the problem under consideration.
Let us consider formula (55) in limits of small magne-
tization and long wavelengths
ω =
2γ
h¯
B0 +
h¯µ0
2mγ
k2x +
4πγ
h¯
n0µ0
− 2γ
h¯
(
1 +
2γ
h¯
4πn0µ0
B0
)
4πn0µ0k
2
xc
2
2ω2Le + k
2
xc
2 + (2γh¯ B0)
2
. (56)
Shifts of frequency, from the cyclotron frequency 2γh¯ B0,
caused by the quantum Bohm potential and annihilation
interaction are positive. The first three terms form the
resonance frequency. The shift of frequency from the
resonance frequency is negative. Its module increases
with increasing of the wave vector k2x.
Area of large magnetization and short wavelengths
gives contribution via the quantum Bohm potential term
and the annihilation term in the resonance frequency.
Their behavior is depicted on Figs. (6)-(9) and discussed
in previous section.
V. OBLIQUE PROPAGATION OF
LONGITUDINAL WAVES
In this section we focus our attention on the longitu-
dinal waves in electron-positron plasmas. We consider
propagation of longitudinal waves at arbitrary angle to
the external magnetic field (see Fig. (11)).
As solution of the QHD equations in the linear approx-
imation we obtain the following dispersion equation
1− 2ω
2
Leℜ
ω2(ω2 − Ω2)−ℜU2k2 = 0, (57)
where k2 = k2x + k
2
z , Ξ is presented by formula (26),
ℜ ≡ ω2 sin2 θ + (ω2 − Ω2) cos2 θ, (58)
and
U2 ≡ v
2
Fe
3
(
1− 1
10
v2Fe
c2
)
− πe
2h¯2n0
m3c2
+
h¯2k2
4m2
− Ξ2. (59)
In limit cases of the parallel and the perpendicular
propagation of waves we have one solution, which is the
Langmuir wave. These solutions coincide with results
obtained above (34) and (48).
At intermediate angles equation (57) gives two solu-
tions. Let us consider contribution of the Darwin and
annihilation interactions in spectrum of the oblique Lang-
muir wave and spectrum of the second branch of disper-
sion dependence.
Solving equation (57) we find explicit form of two
branches of dispersion dependence
ω2 = Υ+
√
Υ2 − (2ω2Le + U2k2)2 cos2 θ, (60)
and
ω2 =
2ω2Le + U
2k2
Υ+
√
Υ2 − (2ω2Le + U2k2)2 cos2 θ
Ω2 cos2 θ, (61)
where Υ = ω2Le+
1
2k
2c2+ 12Ω
2. The expression under the
square root can be rewritten as (2ω2Le + U
2k2 − Ω2)2 +
(2ω2Le + U
2k2)Ω2 cos2 θ. The first of these solutions (60)
is the Langmuir wave propagating at angle θ to direction
of the external magnetic field. The second branch of the
longitudinal waves (61) disappears at θ = π/2. At θ = 0
we have formal solution ω2 = Ω2 from formula (61). But
we know from more general equation (57) that these is
no such solution. Formula (61) exists only intermediate
angles.
From formulas (60) and (61) and explicit form of U2
and Ξ we see that the Darwin and annihilation interac-
tions lead to decreasing of U2. As a consequence we find
that these interactions decrease square of frequencies.
VI. FURTHER GENERALIZATION OF
QUANTUM HYDRODYNAMICS OF
ELECTRON-POSITRON PLASMAS
Above we have developed the method of many-particle
quantum hydrodynamics for electron-positron plasmas.
We have included a necessary part of electron-positron
interaction. It is the annihilation interaction (see for in-
stance theory of the positronium [59]). We have also pre-
sented some applications of the annihilation interaction
to magnetized plasma wave dispersion.
Hydrodynamics is one of methods of plasma evolu-
tion description. Kinetic equation play significant role
at plasma description [67]. Here we present quantum
kinetics of electron-positron plasmas. This kinetics is de-
rived by means the method, which directly follows from
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general conception of many-particle hydrodynamics [68],
[69].
Different approaches to quantum kinetics are presented
in literature [29], [70], [71], [72], [73]. Recent applica-
tion of Wigner kinetics have been also presented in liter-
ature [74], [75], [76]. Extensions of formalism to include
nonlocal quantum behavior via the Bohm potential were
presented in Refs. [78], [79]. Quasi-classic kinetic equa-
tions in extended nine dimensional phase space, where
the distribution function is considered as a function of
coordinate r, momentum p and spin s [30], [80].
To include the quantum Bohm potential in kinetics
authors of Ref. [79] considered the quantum Bohm po-
tential as an extra interaction and put it as addition to
the Lorentz force. We should point out that the quan-
tum Bohm potential is not an interaction force. It ap-
pears from the flux of the momentum density. Contribu-
tion of the quantum Bohm potential does not appear in
solutions of kinetic equations derived below. Neverthe-
less, integrating the kinetic equations we get equations of
many-particle QHD presented above, which contain the
quantum Bohm potential. We conclude that the quan-
tum Bohm potential is hidden in the quantum kinetic
equations presented below, but we do not have a method
to extract it. One needs to analyse quantum kinetic the-
ory to find the quantum Bohm potential contribution,
instead of forcing its contribution into the theory.
Physical variables in quantum mechanics appear as av-
erage of corresponding operator. Thus, if we need to
derive kinetic equations we should present definition of
the distribution function. Most famous quantum distri-
bution function was suggested by Wigner [67], but we
do not use it. We start with classic microscopic distri-
bution function [81], [82]. We change classic dynamic
functions of position and momentum of particles on the
corresponding operators. As the result we find the oper-
ator of many-particle microscopic quantum distribution
function [68], [69]
fˆ =
∑
i
δ(r− r̂i)δ(p− p̂i). (62)
Quantum mechanical averaging of the operator of
many-particle distribution function gives us the micro-
scopic distribution function for system of spinning parti-
cles [68], [69]
fa(r,p, t) =
1
4
∫ (
ψ∗(R, t)
∑
i
(
δ(r− ri)δ(p− p̂i)
+ δ(p− p̂i)δ(r − ri)
)
ψ(R, t) + h.c.
)
dR, (63)
for each species of particles, i.e. electrons and positrons.
Differentiating distribution function of electrons with
respect to time and using the Schrodinger equation (1)
with the many-particle Hamiltonian (2) we obtain the
quantum kinetic equation for subsystem of electrons in
electron-positron plasmas
∂tfe +
p
m
∂rfe +
(
qeE+
qe
mc
[p,B]
)
∂pfe
+
(
q2e
πh¯2
m2c2
∇
∫
dp′fe(r,p′, t)
+
5
2
qeqp
πh¯2
m2c2
∇
∫
dp′fp(r,p′, t)
)
∂pfe
+γe∂αB
β(r, t) · ∂pαSβe (r,p, t)
+ 2πγeγp∂rα
∫
dp′Sβp (r,p
′, t) · ∂pαSβe (r,p, t) = 0, (64)
where we have applied the self-consistent field approxi-
mation and neglected quantum contribution in term de-
scribing interparticle interaction (see equations 9-12 in
Ref. [69]).
Let us remind that γa is the gyromagnetic ratio for
particles of species a. For electrons and positrons we
have | γa |= gµB, where µB = eh¯2mc is the Bohr magneton,
and g = 1.00116 includes contribution of the anomalous
magnetic dipole moment of electrons and positrons.
New function in phase space has arose in equation
Se(r,p, t) and Sp(r,p, t). They are vector spin distri-
bution functions of electrons and positrons.
In the same way we can derive the quantum kinetic
equation for positron distribution function
∂tfp +
p
m
∂rfp +
(
qpE+
qp
mc
[p,B]
)
∂pfp
+
(
q2p
πh¯2
m2c2
∇
∫
dp′fp(r,p′, t)
+
5
2
qeqp
πh¯2
m2c2
∇
∫
dp′fe(r,p′, t)
)
∂pfp
+γp∂αB
β(r, t) · ∂pαSβp (r,p, t)
+ 2πγeγp∂rα
∫
dp′Sβe (r,p
′, t) · ∂pαSβp (r,p, t) = 0. (65)
Different terms in equations (64) and (65) have the fol-
lowing meaning. The first and second terms are substan-
tial derivatives of distribution functions. The third terms
describe action of the Lorentz force on evolution of distri-
bution functions. Other terms also present forces of inter-
action. The fourth term in equation (64) (equation (65))
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describes the Darwin interaction between electrons (be-
tween positrons). The fifth terms in equations (64) and
(65) present superposition of the Darwin and the spin-
less part of annihilation interactions between electrons
and positrons. Coefficient 5/2 consists of two parts, 1 ap-
pears from the Darwin interaction and 3/2 corresponds to
the annihilation interaction. The sixth terms correspond
to the spin-spin interaction and interaction of spins with
the external magnetic field. The sixth terms include the
spin-distribution function Sa(r,p, t) of species a. The
last terms describe the spin dependent part of the anni-
hilation interaction between electrons and positrons.
The spin distribution functions for each species ap-
pears as the quantum mechanical average of the corre-
sponding operator
Sˆα =
∑
i
δ(r − r̂i)δ(p − p̂i)σ̂αi . (66)
Hence explicit form of the spin distribution function is
Sαa (r,p, t) =
1
4
∫ (
ψ∗(R, t)
∑
i
(
δ(r− ri)δ(p− p̂i)
+ δ(p− p̂i)δ(r− ri)
)
σ̂αi ψ(R, t) + h.c.
)
dR. (67)
We present explanation of structure of the spin distri-
bution function in physical terms. Nevertheless the defi-
nition appears, without any efforts, during derivation of
kinetic equations (64) and (65).
Let us represent the kinetic equation for distribution
function f(r,p, t) in a brief form, which allows to get
structure of the equation
∂tfa+
p
m
∂rfa+Fa∂afp+ γa∂αB
β
a,eff · ∂pαSβa = 0, (68)
where Fa(r, t) is the force field acting on the species a,
and Ba,eff (r, t) is the effective magnetic field acting on
magnetic moments of particles of species a.
Differentiating the spin distribution function of elec-
trons with respect to time, using Schrodinger equation
(1) with the Hamiltonian (2) and applying same assump-
tion as at derivation of equations (64) and (65) we find
∂tS
α
e +
p
m
∂rS
α
e +
(
qeE+
qe
mc
[p,B]
)
∂pS
α
e
+
(
q2e
πh¯2
m2c2
∇
∫
dp′fe(r,p′, t)
+
5
2
qeqp
πh¯2
m2c2
∇
∫
dp′fp(r,p′, t)
)
∂pS
α
e
+γe∂βB
α(r, t)∂pβfe − 2γe
h¯
εαβγSβeB
γ
+2πγeγp∂β
∫
dp′Sαp (r,p
′, t) · ∂pβfe
− 2πγp 2γe
h¯
εαβγSβe
∫
dp′Sγp (r,p
′, t) = 0. (69)
We need to derive one more kinetic equation. It is
equation for the spin distribution function of positrons.
Applying the method described above we obtain
∂tS
α
p +
p
m
∂rS
α
p +
(
qpE+
qp
mc
[p,B]
)
∂pS
α
p
+
(
q2p
πh¯2
m2c2
∇
∫
dp′fp(r,p′, t)
+
5
2
qeqp
πh¯2
m2c2
∇
∫
dp′fe(r,p′, t)
)
∂pS
α
p
+γp∂βB
α(r, t)∂pβfp − 2γp
h¯
εαβγSβpB
γ
+2πγeγp∂β
∫
dp′Sαe (r,p
′, t) · ∂pβfp
− 2πγe 2γp
h¯
εαβγSβp
∫
dp′Sγe (r,p
′, t) = 0. (70)
We describe now physical meaning of different terms
in the quantum kinetic equations for spin distribution
functions. Physical meaning of different terms in these
equations are similar to physical meaning of terms in
equations (64) and (65). The first and second terms in
equations (69) and (70) gives the substantial derivatives
(∂t + v∇) of the spin-distribution functions. The third
terms are the Lorentz force. The fourth terms are the
electron-electron and positron-positron Darwin interac-
tions. The fifth terms describe the interspecies Darwin
and spinless part of annihilation interactions. The sixth
and seventh terms in both equations describe spin-spin
interaction. The last two terms in equations (69) and
(70) present spin dependent part of the annihilation in-
teraction.
Set of kinetic equations is considered in the self-
consistent field approximation and coupled with the
Maxwell equations (17)-(20).
The kinetic equation for spin-distribution function has
the following structure
∂tSa +
p
m
∂rSa + (Fa∂p)Sa + γa∂βBa,eff∂pβfa
− 2γa
h¯
[Sa,Ba,eff ] = 0. (71)
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Kinetic equations look rather huge. This is due to the
fact that we presented new terms in explicit form, which
is an integral form. Applying hydrodynamic variables
these equations can be represented.
Let us mention that the distribution functions pre-
sented in this section correspond to the hydrody-
namic functions applied above. Hydrodynamic functions
arise as moments of distribution functions: na(r, t) =∫
dpfa(r,p, t), ja(r, t) =
1
m
∫
dppfa(r,p, t)
Let us consider the spin distribution function
Sαa (r, t) =
∫
dR
∑
i
δ(r − ri)ψ∗(R, t)σ̂αi ψ(R, t), (72)
proportional to the magnetizationMa(r, t) (14), usually
used in the quantum hydrodynamics [2], [26], and [32]:
Ma(r, t) = γaSa(r, t). Next integrating the spin distribu-
tion function over the momentum we get the spin density
appearing in the quantum hydrodynamic equations [8],
[26], [32]
Sαa (r, t) =
∫
Sαa (r,p, t)dp. (73)
1. Application of quantum kinetics to dispersion of waves
in electron-positron quantum plasmas
We demonstrate application of quantum kinetics of
electron-positron plasmas, which includes the Darwin
and the annihilation interactions, to dispersion proper-
ties of waves in plasmas with no external field.
−ı(ω − kv)δfe − e(δE+ [v, δB]/c)∂pf0e
+
πe2h¯2
m2c2
(
∇
∫
δfedp
′ − 5
2
∇
∫
δfpdp
′
)
∂pf0e, (74)
and
−ı(ω − kv)δfp + e(δE+ [v, δB]/c)∂pf0p
+
πe2h¯2
m2c2
(
∇
∫
δfpdp
′ − 5
2
∇
∫
δfedp
′
)
∂pf0p, (75)
where we have used qe = −e and qp = e.
Below we use f0e(p) = f0p(p) ≡ f0(p). After some
calculations we find the longitudinal dielectric constant
εl, which appears as
εl = 1 +
8πe2
ωk2
(
1 +
7
2
πe2h¯2
m2c2
ℵ
)∫
(kv)2
ω − kv
∂f0
∂ǫ
dv, (76)
where ǫ = p
2
2m is the energy, and
ℵ =
ℑ
(
1 + 32
pie2h¯2
m2c2 ℑ
)
1− 2pie2h¯2m2c2 ℑ − 214
(
pie2h¯2
m2c2
)2
ℑ2
≈ ℑ, (77)
with
ℑ ≡
∫
kv
ω − kv
∂f0
∂ǫ
dv. (78)
We obtain that the transverse dielectric constant εtr
does not change in compare with the case when the an-
nihilation interaction is absent.
Dispersion equation has form of εl = 0.
To get an explicit form of dispersion equation we
should use an explicit form of the equilibrium distribu-
tion function f0(p). We consider the Maxwell distribu-
tion function for equilibrium distribution
f0(p) =
n0m
3/2
(
√
2πT )3
exp
(
−mv
2
2T
)
, (79)
where T is the temperature in units of energy, and
p = mv. The Darwin and annihilation interactions have
semi-relativistic nature, but they do not contain an ex-
plicit contribution of momentum. Consequently we can
apply non-relativistic equilibrium distribution function.
Obviously the Maxwell distribution function satisfy the
kinetic equations with the Darwin and annihilation in-
teractions.
For the Maxwell distribution in equilibrium state we
meet the following integral in the dielectric function (76)
Z(α) =
1√
π
∫ +∞
−∞
exp(−ξ2)
ξ − α dξ
=
1√
π
[
P
∫ +∞
−∞
exp(−ξ2)
ξ − α dξ
]
+ ı
√
π exp(−α2), (80)
where α = ωkvT with vT ≡
√
T
m , and the symbol P de-
notes the principle part of the integral.
Let us present assumptions of formula (80). At α≫ 1
we have
Z(α) ≃ − 1
α
(
1+
1
2α2
+
3
4α4
+ ...
)
+ı
√
π exp(−α2), (81)
Finally dispersion equation (76) reappear as
1 + 4
ω2Le
k2v2T
(1 + αZ(α))×
×
(
1 +
7
2
πe2h¯2
m2c2
n0
T
(1 + αZ(α))
)
= 0, (82)
or in more explicit form
1− 2 1
α2
ω2Le
k2v2T
− 2 1
α4
ω2Le
k2v2T
(
3− 7
2
πe2h¯2
m3c2
n0
v2T
)
+ ıα
√
π2
ω2Le
k2v2T
exp(−α2)
(
1− 47
2
πe2h¯2
m3c2
n0
v2T
1
α2
)
= 0.
(83)
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FIG. 12: (Color online) The figure shows decreasing of the
Landau damping of the Langmuir wave in quantum electron-
positron plasmas due to simultaneous contribution of the Dar-
win and annihilation interactions. Contribution of interac-
tions is presented via multiplier L ≡ (1− 7
4
h¯
2
m2c2
k2) presented
in the end of formula (85). Horizontal line L = 1 shows multi-
plier L in absence of the Darwin and annihilation interactions.
Real part of frequency appears as
ω2 = 2ω2Le +
(
3v2T −
7
2
πe2h¯2
m3c2
n0
)
k2. (84)
For imaginary part we find
Imδω = −√π
(√
2ωLe
kvT
)3
exp
(
−2ω
2
Le
k2v2T
)
×
× 2ω
2
Le
k2v2T
(
1− 7
4
h¯2
m2c2
k2
)
. (85)
The full formula for frequency is ω = Reω + ıImω.
Only spinless part of the annihilation interaction gives
contribution in the Langmuir wave dispersion in absence
of the external magnetic field. It comes together with
the Darwin interaction. The terms containing all these
interactions has coefficient 7/2. This coefficient has the
following structure. 1 appears from the Darwin interac-
tion between electrons and between positrons. Another
1 comes from interspecies (electron-positron) interaction.
3/2 comes from the annihilation interaction between elec-
trons and positrons.
We see that the Darwin and annihilation interactions
decrease frequency and damping rate of the Langmuir
waves.
VII. NLSES FOR ELECTRON-POSITRON
PLASMAS
In approximation of the eddy-free motion we can as-
sociate set of QHD equations with a pair of non-linear
spinor Schrodinger (Pauli) equations (NLSEs). We have
a pair of equations since we consider plasmas consisting
of two species: electron and positrons.
In case of spinless fermions or bosons we can directly
derive a non-linear Schrodinger equation for the wave
function in medium from the set of QHD equations (the
continuity and Euler equations) [25], [57]. There has not
been suggested a direct derivation of the NLSE for spin-
ning particles. However, as we have mentioned, we can
associate a NLSE with set of QHD equations for spinning
particles (the continuity, Euler, and magnetic moment
evolution equations).
For quantum electron-positron plasmas with the Dar-
win and annihilation interactions the pair of NLSEs ap-
pears as
ıh¯∂tΦe =
(
D2e
2m
− eϕ+ (3π2) 23 h¯
2
2m
n
2
3
e − γeBσ
− πe
2h¯2
m2c2
ne +
5
2
πe2h¯2
m2c2
np − 2πMpσ
)
Φe, (86)
and
ıh¯∂tΦp =
(
D2p
2m
+ eϕ+ (3π2)
2
3
h¯2
2m
n
2
3
p − γpBσ
− πe
2h¯2
m2c2
np +
5
2
πe2h¯2
m2c2
ne − 2πMpσ
)
Φp, (87)
where Da = −ıh¯∇ − qac A(r, t), na = Φ∗aΦa, Ma =
Φ∗aγaσΦa. Physical meaning of different terms in the
NLSEs is analogous to physical meaning of terms in the
Euler equations (10) and (11). The sixth terms in the
right-hand side of equations (86) and (87) are combina-
tion of the interspecies Darwin interaction and spinless
part of the annihilation interaction. In the Euler equa-
tion these terms are presented separately.
Set of NLSEs is obtained in the self-consistent field
approximation and coupled with the Maxwell equations
(17)-(20).
In spinless case the wave function in medium (the order
parameter) for species a is defined as follows
ΦSLa (r, t) =
√
na(r, t) exp(
ı
h¯
maφa(r, t)), (88)
where φa(r, t) is the potential of the velocity field of
species a.
For spinning particles the wave function in medium is
the spinor function
Φa(r, t) =
√
na(r, t) exp(
ı
h¯
maφa(r, t))ζ(r, t), (89)
where ζ(r, t) is the unit spinor function.
NLSE is an effective tool in various field of physics.
Hence it is important to have it for electron-positron
plasmas. It can be applied instead of the set of QHD
equations.
VIII. VORTICITY OF ELECTRON-POSITRON
QUANTUM PLASMAS
In this section we briefly describe modification of equa-
tions for the grand generalized vorticities and the Clebsch
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Example of
shear vorticity
Example of
curvature vorticity
These are examples of positive vorticities.
FIG. 13: (Color online) The figure illustrates non-zero voticity
in continuous mediums.
potential vector fields associated with the grand general-
ized vorticities due to presence of the Darwin and annihi-
lation interactions. At description of vorticities we follow
Ref. [41] describing contribution of new interactions.
When we have deal with the degenerate electron-ion
plasmas we can consider motionless ions giving positively
charged background. In this case we study behavior of
electrons and our QHD equations look like equations for
a single fluid. Consequently a single vorticity can be
introduced. For electron-positron plasmas it is no longer
true. Now we need to introduce a pair of vorticities.
From Euler equation for species a the classical gener-
alized vorticity can be found
Ω(a),c = B+
mc
qa
∇× va. (90)
The quantum vorticity for species a appears from the
corresponding magnetic moment evolution equation [41],
[83]
Ω(a),q =
∇µ(a),x ×∇µ(a),y
γaµ(a),z
. (91)
The quantum vorticity Ω(a),q can be rewritten in tensor
notations Ωα(a),q =
1
2ε
αβγεδµνµδa∂
βµµa∂
γµνa. Vorticity of a
vector field is demonstrated on Fig. (13).
Equations for vorticity time evolution are derived from
the hydrodynamic equations
∂tΩ(a),c = ∇× (va ×Ω(a),c) +
h¯
2mγa
∇µβa ×∇Bˆβa , (92)
and
∂tΩ(a),q = ∇× (va ×Ω(a),q) +
h¯
2mγa
∇µβa ×∇Bˆβa , (93)
with the effective magnetic field
B̂e = B+
h¯c
2qeγe
1
ne
∂β(ne∂
β
µe) + 2πnpµp, (94)
and
B̂p = B+
h¯c
2qpγp
1
np
∂β(np∂
β
µp) + 2πneµe. (95)
Equations (92) and (93) look almost the same. They
describe time evolution of classic and quantum vortici-
ties. Identical structure of these equations allows us to
introduce the grand generalized vorticities as sum or dif-
ference of the classic and the quantum vorticities.
Effective magnetic fields (94) and (95) appear in the
Euler and magnetic moment evolution equations in terms
describing the spin-spin interactions by including of non-
potential parts of the quantum Bohm potential and spin-
dependent part of the annihilation interaction. Effective
magnetic field (94) ((95)) arises in QHD equations de-
scribing evolution of electrons (positrons). Nevertheless
it contains dependence on the concentration and the re-
duced magnetization of another species.
Spin-dependent part of the annihilation interaction
brings extra terms in the Euler equations (10), (11)
and the magnetic moment evolution equations (15), (16).
These terms lead to contribution of positron magnetiza-
tion in the quantum vorticity of electrons and vice-versa.
Contribution of the annihilation interaction changes
the effective magnetic field, but it does not break struc-
ture of the vorticity equations.
The classical generalized vorticity and the quantum
vorticity allow to get two grand generalized vorticities
for each species
Ω(a),± = Ω(a),c ±
h¯c
2qaγa
Ω(a),q. (96)
Applying equations (92) and (93) we can easily obtain
equations for the grand generalized vorticities
∂tΩ(a),+ = ∇× (va ×Ω(a),+) +
h¯
mγa
∇µβa ×∇Bˆβa , (97)
and
∂tΩ(a),− = ∇× (va ×Ω(a),−), (98)
where the last term in equation (97) is the source of vor-
ticities. Equation (98) shows conservation of vorticities
Ω(a),− for each species a = e, p, since it does not contain
any source.
The Clebsch potential vector fields associated with the
grand generalized vorticitiesP(a),± = P(a),c± h¯c2qaγaP(a),q
satisfy
∂tP(a),+ = va ×Ω(a),+ +
h¯
mγa
µβ∇Bˆβa +
c
qa
χa, (99)
and
∂tP(a),− = va ×Ω(a),− +
c
qa
χa, (100)
where
χe = −
∇pe
ne
+
h¯2
2m
∇
(∇2√ne√
ne
)
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+
πe2h¯2
m2c2
∇ne − 5
2
πe2h¯2
m2c2
∇np
+
h¯2
8mγ2e
∇(∂βµγe · ∂βµγe )−∇(qeϕ+
1
2
mv2e), (101)
and
χp = −
∇pp
np
+
h¯2
2m
∇
(∇2√np√
np
)
+
πe2h¯2
m2c2
∇np − 5
2
πe2h¯2
m2c2
∇ne
+
h¯2
8mγ2p
∇(∂βµγp · ∂βµγp)−∇(qpϕ+
1
2
mv2p), (102)
where ϕ is the scalar potential of electromagnetic field.
Equations keep they structure at account of the Dar-
win and annihilation interactions, but explicit form of
B̂ and χ changes. Consequently we find conservation of
the generalized quantum helicity ha associated with the
Ω(a),−, defined as h(a),− = P(a),− ·Ω(a),−,
dh(a),−
dt
= 0 (103)
The rate of change of helicity h(a),+ associated with
the Ω(a),+ is given by
dh(a),+
dt
=
2h¯
mγa
µγ(∂βBˆγ)Ωβ(a),+. (104)
We also have that the rate of change of either hc or hq
is proportional to dh(a),+/(dt).
IX. CONCLUSION
We have developed the quantum hydrodynamics for
electron-positron plasmas. This model requires to in-
clude the annihilation interaction. It gives contribution
in the Euler equations and the magnetic moment evolu-
tion equations.
As consequence, contributions of the annihilation in-
teraction in spectrum of plasma waves were found. We
have found shifts of the eigen-frequencies of the trans-
verse electromagnetic plane polarized waves, transverse
spin-plasma waves, we have also included contribution of
the quantum Bohm potential in dispersion of this branch
of waves, longitudinal Langmuir waves. We do it for two
limit cases of waves propagating parallel and perpendic-
ular to the external magnetic field. We have also consid-
ered oblique propagation of longitudinal waves. It also
contains contribution of the Fermi pressure, the Darwin
interaction, and the quantum Bohm potential from the
Euler equations.
We have obtained corresponding set of two non-linear
Schrodinger equations. These equations are another rep-
resentation of the set of QHD equations for eddy-free
motion.
We have derived equations for the grand generalized
vorticities for each species. We have applied these equa-
tions to demonstrate existence of conserving helicity in
electron-positron quantum plasmas of spinning particles
with the Darwin and annihilation interactions.
We have generalized our model. We have derived
the quantum kinetic equations from the many-particle
Schrodinger equation. This kinetic theory is presented
in the self-consistent field approximation. For simplic-
ity of presentation we have shown interaction terms in
the quasi-classic approximation. We applied the quan-
tum kinetic equations to the Langmuir waves in absence
of the external fields. We have found contribution of the
Darwin interaction and spinless part of the annihilation
interaction in frequency of the wave and in the collision-
less Landau damping. These interactions decrease the
real and imaginary parts of spectrum.
Annihilation interaction may find its application in
physics of quantum electron-ion plasmas. In this case
the annihilation interaction reveals as result of virtual re-
combination of an electron and an ion, with subsequent
ionization (since recombination is virtual).
These models open possibilities to consider different
linear and non-linear quantum effects with full interac-
tion between spinning electrons and positrons.
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